When T : X −→ X is a one-sided topologically mixing subshift of finite type and ϕ : X −→ R is a continuous function, one can define the Ruelle operator Lϕ : C(X) −→ C(X) on the space C(X) of real-valued continuous functions on X. The dual operator L * ϕ always has a probability measure ν as an eigenvector corresponding to a positive eigenvalue (L * ϕ ν = λν with λ > 0). Necessary and sufficient conditions on such an eigenmeasure ν are obtained for ϕ to belong to two important spaces of functions, W (X, T ) and Bow(X, T ). For example, ϕ ∈ Bow(X, T ) if and only if ν is a measure with a certain approximate product structure. This is used to apply results of Bradley to show that the natural extension of the unique equilibrium state µϕ of ϕ ∈ Bow(X, T ) has the weak Bernoulli property and hence is measure-theoretically isomorphic to a Bernoulli shift. It is also shown that the unique equilibrium state of a two-sided Bowen function has the weak Bernoulli property. The characterizations mentioned above are used in the case of g-measures to obtain results on the 'reverse' of a g-measure.
Introduction
We consider subshifts of finite type with a finite number of symbols. Let k 2, and let Γ = {1, 2, . . . , k} be the set of symbols. Let A = (a ij ) be a k × k matrix with each entry a ij ∈ {0, 1} and with no zero row and no zero column.
Let
Both are compact sets under the product topologies on . . , x n−1 is an allowable block in X A and z = (z 0 , z 1 , . . .) ∈ X A with a xn −1z0 = 1, then (x 0 , . . . , x n−1 , z) denotes the member y = (y i ) of X A with y i = x i for 0 i n − 1 and y i+n = z i for i 0.
We often write X andX for X A andX A . Consider a subshift of finite type (SFT) T : X −→ X. We use C(X) to denote the space of all real-valued continuous functions on X, equipped with the supremum norm. We let M (X) denote the space of all probability measures on the Borel subsets of X, equipped with the weak * -topology, and let M (X, T ) denote the non-empty subset of Tinvariant members of M (X). We say that τ ∈ M (X) has support X if τ (U ) > 0 for every non-empty open set U . If ϕ ∈ C(X), we let P (T, ϕ) denote the pressure of T at ϕ [13] , and let T n ϕ be the function n−1 i=0 ϕ • T i . Similar notation applies to S :X −→X. When T is a one-sided subshift of finite type, the Ruelle operator of ϕ ∈ C(X) is denoted by L ϕ : C(X) −→ C(X), so that (L ϕ f )(x) = e ϕ(y) f (y), where the sum is over all y ∈ T −1 x. The dual operator L * ϕ always has an eigenmeasure in M (X), that is, there exists ν ∈ M (X) and λ > 0 with L * ϕ ν = λν. For ϕ ∈ C(X) and T a one-sided subshift of finite type, we define v n (ϕ), for n 1, as v n (ϕ) = sup{ϕ(x) − ϕ(x ) | x, x ∈ X and x i = x i , 0 i n − 1}. We define the space Bow(X, T ) to be {ϕ ∈ C(X) | sup n 1 v n (T n ϕ) < ∞} and the space W (X, T ) to be {ϕ ∈ C(X) | sup n 1 v n+p (T n ϕ) → 0 as p → ∞} [14, 15] . We have W (X, T ) ⊂ Bow(X, T ), because ϕ ∈ Bow(X, T ) if and only if there is some p 0 with sup n 1 v n+p (T n ϕ) < ∞. If ϕ ∈ C(X) has summable variations (that is, ∞ n=1 v n (ϕ) < ∞) [11] , then ϕ ∈ W (X, T ). In [12] , the author showed that for a topologically mixing subshift of finite type (TMSFT), if ϕ ∈ W (X, T ), then the Ruelle operator theorem holds (that is, there exists λ > 0, ν ∈ M (X), and h ∈ C(X) with h > 0 and
where ⇒ denotes uniform convergence on X), ϕ has a unique equilibrium state µ ϕ and (T, µ ϕ ) has a Bernoulli natural extension. Here µ ϕ = hν, and µ ϕ is the unique g-measure for the g-function g(x) = e ϕ(x) h(x)/λh(T x). In [14] , the author considered these questions for ϕ ∈ Bow(X, T ) and proved a weakened version of the Ruelle operator theorem. Each ϕ ∈ Bow(X, T ) has a unique equilibrium state µ ϕ . We show in this paper that (T, µ ϕ ) has a Bernoulli natural extension. We obtain necessary and sufficient conditions on an eigenmeasure ν for ϕ ∈ C(X) to ensure that ϕ ∈ Bow(X, T ) and to ensure that ϕ ∈ W (X, T ). These give characterizations of when ϕ ∈ Bow(X, T ) in terms of µ ϕ . When this is applied to the cases ϕ = log g and g is a g-function (see Section 3), we obtain results about the 'reverse' of a g-measure.
For a two-sided topologically mixing subshift of finite type, S :X −→X and ϕ ∈ C(X), we let var n (φ), for n 1, denote var n (φ) = sup{φ(x) −φ(x ) | x, x ∈X and
Bowen showed that eachφ ∈ Bow(X A , S) has a unique equilibrium stateμφ [2] . We show that (S,μ ϕ ) is isomorphic to a Bernoulli shift.
Eigenmeasures of the Ruelle operator
Lemma 1.1. Let T : X −→ X be a one-sided topologically mixing subshift of finite type, let ϕ ∈ C(X), and let ν ∈ M (X) and λ > 0 satisfy L * ϕ ν = λν. Then for all n 1, p 1 and x ∈ X, we have
Proof.
In part (i) of the next result, the number k is the number of symbols in the topologically mixing subshift of finite type and M is a natural number for which the M th power A M of the transition matrix A has every entry non-zero. 
Theorem 1.2. Let T : X −→ X be a one-sided topologically mixing subshift of finite type and let
(iii) The measures ν and ν • T −p are equivalent and 
The left-hand inequality in (i) shows that ν is supported. To see that λ = e P (T,ϕ) , we use the fact that ( 
pP (T,ϕ)+pε for all x ∈ X and for all p N ε . Integrating with respect to ν gives e
λ e P (T,ϕ)+ε , and since this holds for every ε > 0, we have λ = e P (T,ϕ) .
(ii) Statement (ii) follows from Lemma 1.1 and the inequality |( 
Now sum over all (y 0 , . . . , y p−1 ) to get
(iv) We have to show that for each cylinder
We have
Recall that we use the symbol ⇒ to denote uniform convergence on X.
Corollary 1.3. Let T : X −→ X be a one-sided topologically mixing subshift of finite type, and let
Proof. The first statement is by Theorem 1.2(ii), since, for p fixed, v n+p (T p ϕ) → 0 as n → ∞, and the second statement is by Theorem 1.
In fact, the case p = 1 in the first statement of Corollary 1.3 gives
and the case of general p follows from this, as does the second conclusion of the corollary. Note that we can write the first conclusion of Corollary 1.3 as
and the second conclusion as
The following result gives a condition for a probability measure to be an eigenmeasure of a Ruelle operator. 
converges uniformly on X to a positive function, then denote the limit by
With Corollary 1.3 in mind, we can characterize when ϕ ∈ C(X) is a member of W (X, T ) in terms of an eigenmeasure ν. If N is the set of natural numbers, then BC(N × X) denotes the space of bounded continuous real-valued functions on N × X, equipped with the supremum norm. (i) ϕ ∈ W (X, T ).
(ii) There exists τ ∈ M (X) with support X satisfying
where the convergence is uniform in both x ∈ X and p ∈ N.
where the convergence is uniform in both x ∈ X and p 1.
, as we saw above. By [11] , there exists h ∈ C(X), h > 0, with L ϕ h = λh and h dν = 1. The measure µ = hν ∈ M (X, T ), and
uniformly in p 1 and x ∈ X. Statement (iv) follows with = log h. If (iv) holds, then, for ε > 0, there exists N ε such that n N ε implies that
Hence ϕ ∈ W (X, T ).
Note that when ϕ ∈ W (X, T ), then the eigenmeasure ν has the property given in (ii). The property in (ii) can be written as
We now characterize, in terms of eigenmeasure, those ϕ ∈ C(X) which belong to Bow(X, T ). Definition 1. 6 . Let X be a one-sided topologically mixing subshift of finite type. Let τ ∈ M (X). We say that τ is approximately multiplicative at coordinate zero if it has support X and there exists C > 1 with
, then the condition becomes
Theorem 1.7. Let T : X −→ X be a one-sided topologically mixing subshift of finite type and let ϕ ∈ C(X). Let λ = e P (T,ϕ) . The following statements are pairwise equivalent.
(i) ϕ ∈ Bow(X, T ).
(ii) There exists τ ∈ M (X) with support X and there exists D > 1 with 
To show (i) ⇒ (iii), we use Theorem 1.2(i) and (ii) to get 
for all n 1.
Let n → ∞ to give (ii).
The equivalence of (i) and (ii) is well known. Other equivalent conditions for ϕ ∈ Bow(X, T ) can be found in [14] .
As we shall see in Section 3, Theorem 1.7 gives a nice characterization of which g-measures correspond to a g with log g ∈ Bow(X, T ). Proof. When ϕ ∈ Bow(X, T ), there is a unique ν ∈ M (X) with L * ϕ ν = λν [14] , and ν is approximately multiplicative at coordinate zero by Theorem 1.7. Also, µ ϕ = hν for some measurable h : X −→ [a, b] with 0 < a < b, and L ϕ h = λh and h dν = 1 [14] . Hence
so that µ ϕ is approximately multiplicative at coordinate zero.
Since µ ϕ is T -invariant, we can write the approximately multiplicative at coordinate zero condition for µ ϕ as follows. There exists D > 1 with
We use this condition in the next definition.
Definition 1.9. Let T : X −→ X be a one-sided topologically mixing subshift of finite type and let τ ∈ M (X). We say that τ has approximate product structure if it has support X and if there exists C > 1 with
If τ ∈ M (X, T ), then clearly τ is approximately multplicative at coordinate zero if and only if τ has approximate product structure. To investigate the relationship between the two conditions when τ is an eigenmeasure ν for L ϕ , we can use the following deduction from Theorem 1.2(iii).
Proposition 1.10. Let T : X −→ X be a one-sided topologically mixing subshift of finite type and let ϕ ∈ C(X). Let ν
if and only if
Proof. By Theorem 1.2(iii),
Clearly the first statement of the proposition implies the second statement. Now suppose that the second statement holds and let
Then U is open. Suppose that U = ∅. For z ∈ U , choose some n with
Corollary 1.11. Let T : X −→ X be a one-sided topologically mixing subshift of finite type and let ϕ ∈ C(X). Let ν ∈ M (X) satisfy L * ϕ ν = λν with λ = e P (T,ϕ) .
Suppose that there exists D 1 with
Then ν is approximately multiplicative at coordinate zero if and only if ν has approximate product structure.
Corollary 1.12. Let T : X −→ X be a one-sided topologically mixing subshift of finite type and let ϕ ∈ C(X). Let λ = e P (T,ϕ) . Then ϕ ∈ Bow(X, T ) if and only if both of the following statements hold.
( 
Proof. We have
To see that µ is an equilibrium state, we use Theorem 1.2(i) to get
Since
we have
Integrating via µ gives
where ξ is the partition into states at coordinate zero. Since ξ is a one-sided generator, we have h µ (T ) + ϕ dµ = P (T, ϕ).
There is another characterization of ϕ ∈ Bow(X, T ).
Theorem 1.14. Let T : X −→ X be a one-sided topologically mixing subshift of finite type and let ϕ ∈ C(X) and λ = e P (T,ϕ) . Then ϕ ∈ Bow(X, T ) if and only if all of the following three statements hold.
(i) ϕ has a unique equilibrium state µ ϕ .
(ii) µ ϕ has approximate product structure.
Proof. If ϕ ∈ Bow(X, T ), (i) and (iii) hold by [14] , and (ii) holds by Corollary 1. 8 . Now assume that the three conditions hold. 
The weak Bernoulli property
In this section, we show that if ϕ ∈ Bow(X, T ), then the natural extension of T with respect to the unique equilibrium state µ ϕ of ϕ is a Bernoulli shift. We shall also show that when S :X −→X is a two-sided topologically mixing subshift of finite type andφ ∈ Bow(X, S), then (S,μφ) is isomorphic to a Bernoulli shift wherê µφ is the unique equilibrium state ofφ.
Whenφ ∈ Bow(X, S), then Bowen [2] showed that there exists C > 1 with
It readily follows thatμφ has approximate product structure (or rather thatμ • π
does, where π :X −→ X is the natural projection). The definition of approximate product structure also makes sense for a measure on the two-sided shift spaceX. Whereas everyφ ∈ W (X, S) is cohomologous in C(X) to some ϕ • π with ϕ ∈ W (X, T ) [1] , there are examples ofφ ∈ Bow(X, S) which are not cohomologous in C(X) to a one-sided function [10] .
For every µ ∈ M (X, T ), there is a uniqueμ ∈ M (X, S) withμ
, for all p ∈ Z, q 0. This gives a bijection between M (X, T ) and M (X, S). 
Proof. Let C be the constant in the approximate product structure condition for µ. Let [x 0 , . . . , x p−1 ] and [y 0 , . . . , y q−1 ] be given. Let n 2M . Since A M > 0, there is a point w ∈ X of the form w = (x 0 , . . . , x p−1 , w p , . . . , w p+n−1 , y 0 , y 1 , . . .) . Moreover, for any allowable choice of the cylinder [w p+M −1 , . . . , w p+n−M ], there is such a point. Since
where d is the minimal µ-measure of a cylinder of length M − 1.
If we consider the corresponding two-sided measureμ, then the conclusion of Theorem 2.1 can be written as
By the usual approximation arguments, one can readily get We shall use the following result.
Corollary 2.2. Let S :X −→X be a one-sided topologically mixing subshift of finite type and letμ ∈ M (X, S) be of approximate product type. Then S is strongly mixing with respect toμ.
Proof. This follows from a result of Ornstein [9] if we can show that S i is ergodic for each i 1 and there is a constant d with lim sup
From ( †), we get lim sup
whenever B 1 ∈ B −∞ and B 2 ∈ B ∞ −j , , j > 0, so an approximation argument gives the same inequality whenever B 1 , B 2 ∈ B.
Similarly,
whenever B 1 , B 2 ∈ B. This latter inequality gives the total ergodicity required for Ornstein's result, since, if
We now use results of Bradley to show that having approximate product structure implies the weak Bernoulli property. ψ n , so ψ * n → 1 and ψ n → 1. This gives the condition in the statement of the theorem. The isomorphism result is due to Friedman and Ornstein [5] .
We state the following results. (i) If ϕ ∈ Bow(X, T ) and µ ϕ is its unique equlibrium state, then the natural extension of (T, µ ϕ ) is isomorphic to a Bernoulli shift.
(ii) Ifφ ∈ Bow(X, S) andμφ is its unique equilibrium state, then (S,μ ϕ ) is isomorphic to a Bernoulli shift.
Proof. (i) By Corollary 1.8, µ ϕ has approximate product structure, soμ ϕ has approximate product structure. Now Theorem 2.3 gives the result.
(ii) Bowen [2] showed thatμφ has the property that there exists C > 1 with
Henceμφ has approximate product structure, so the result follows by Theorem 2.3.
g-measures
We interpret the results in Sections 1 and 2 for the case of g-measures. If T : X −→ X is a one-sided topologically mixing subshift of finite type, let G(X, T ), or G, denote the set
If g ∈ G, we can consider L log g , and µ ∈ M (X) is called a g-measure if L * log g µ = µ [7] . Such a measure always belongs to M (X, T ). The condition can be formulated in several ways. For example, one can show that µ ∈ M (X, T ) is a gmeasure if and only if µ is an equilibrium state of log g ( [8] , see also [11] ). Since P (T, log g) = 0 for g ∈ G, this condition becomes
The following results are special cases of the results in Sections 1 and 2, obtained by considering ϕ of the form log g with g ∈ G(X, T ). Again, k is the number of symbols used for the subshift of finite type, and M is a natural number with A M > 0. (i) For all p 1, x ∈ X,
(ii) For all n, p 1, With Corollary 3.2 in mind, we can characterize those g with log g ∈ W (X, T ) as follows. (i) log g ∈ W (X, T ).
(ii) There exists µ ∈ M (X, T ), with support X, satisfying
(iii) There exists a g-measure µ such that in BC(N × X), the sequence (ψ n ), given by
is convergent.
Note that the unique g-measure µ, when log g ∈ W (X, T ), satisfies the condition in (ii).
We shall use Theorem 3.4 later in an application. The following result characterizes those g with log g ∈ Bow(X, T ).
Theorem 3.5. Let T : X −→ X be a one-sided topologically mixing subshift of finite type and let g ∈ G(X, T ). Then log g ∈ Bow(X, T ) if and only if there is a g-measure which has approximate product structure. When log g ∈ B(X, T ), there is a unique g-measure µ and the coordinate zero partition is weak Bernoulli for µ so that the natural extension of (T, µ) is isomorphic to a Bernoulli shift.
Proof. Since a g-measure is exactly an eigenmeasure for L * log g and is T -invariant, the first statement follows from Theorem 1.7. Let log g ∈ Bow(X, T ). By [14, Theorem 3.2] , there is a unique g-measure, and the Bernoulli properties follow from Theorem 2. 4. Notice that when µ is g-measure, then µ has approximate product structure if and only if log g ∈ Bow(X, T ).
We now consider the question of whether the 'reverse' of a g-measure is also a g-measure. Let T : X −→ X, where X = X A , be a one-sided topologically mixing subshift of finite type, and let S :X −→X be the corresponding twosided topologically mixing subshift of finite type. Let π :X −→ X be the natural projection given by π{x n } 
e vn +j +1(Tj log g+)+vn +j (Tj log g+) .
Therefore |log b n (x) − log b n+j (x)| 2v n+j (T j log g + ), and since log g + ∈ W (X, T ), we have (log b n ) is a Cauchy sequence in C(X − ). Hence log b n (x) ⇒ ψ(x) for some ψ ∈ C(X − ). Since z∈T To see that log g − ∈ W (X − , T − ), we use Theorem 3. 4 . Since log g + ∈ W (X, T ), we have that is a Cauchy sequence in BC(N × X). This is the equivalent to
